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The fractional ®3 model

Oeu + (—A)Pu=1? +¢

> u=u(t,x), t=0, x e Td
> —(—A)P/? fractional Laplacian, p € (0,2]

> & space-time white noise
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Oeu+ (—A)Pu= 1P +¢

> u=u(t,x), t=0, x e Td
> —(—A)P/? fractional Laplacian, p € (0,2]

> & space-time white noise
[ll-posed in general, need to consider renormalised equation
Oeu + (—D)Pu= 1P+ Cle, p,u) + £
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The fractional ®3 model

Oeu+ (—A)Pu= 1P +¢
> u=u(t,x), t=0, x €T
> —(—A)P/? fractional Laplacian, p € (0,2]
> ¢ space-time white noise
[ll-posed in general, need to consider renormalised equation
Oeu + (—D)Pu= 1P+ Cle, p,u) + £
where £ = o° x £ mollified noise

Motivations:
> simple yet interesting application of general theory of BPHZ
renormalisation (after Bogoliubow, Parasiuk, Hepp & Zimmermann)

> asymptotics of vanishing local subcriticality as p \, pc(d)
> coupled SPDE-ODE systems, simplification of Fisher—KPP equation
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Some recent progress on singular SPDEs

> Martin Hairer, A theory of regularity structures, Invent. Math.
198:269-504, 2014.

¢ General theory of function spaces allowing to solve (subcritical)
singular SPDEs
¢ Ad hoc renormalisation of some particular SPDEs (PAM, ¢%)
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Some recent progress on singular SPDEs

> Martin Hairer, A theory of regularity structures, Invent. Math.
198:269-504, 2014.
¢ General theory of function spaces allowing to solve (subcritical)

singular SPDEs
¢ Ad hoc renormalisation of some particular SPDEs (PAM, ¢%)

> Yvain Bruned, Martin Hairer, and Lorenzo Zambotti, Algebraic
renormalisation of regularity structures, Invent. Math.,
215:1039-1156, 2019.

> Ajay Chandra and Martin Hairer, An analytic BPHZ theorem for
regularity structures, arXiv:1612.08138, 113 pages, 2016.

> Yvain Bruned, Ajay Chandra, llya Chevyrev, and Martin Hairer,
Renormalising SPDEs in regularity structures, J. European
Mathematical Society, 23:869-947, 2019.

¢ Systematic way of renormalising subcritical singular SPDEs
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Solving (non-singular) SPDEs
Oeu + (—AYPu=1? +¢
Duhamel formula: u = P,ug + P, x [u? + £], P, = [0: + (—2)7/?] 1
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Solving (non-singular) SPDEs

Oeu+ (=AY 2y = 1?4+ ¢
Duhamel formula: u = P,ug + P, * [u? + €], P, = [0 + (—A)P/?] 71
Scaled Hélder-Besov spaces C2:

pO0<a<liuelC! <<= |u(Z)—u(z)S|z—2[¢,

where |z|s := |zo|1/p +> .1z
>a>1uel® <« Diuc Cf,onl5 for 0 < |k|s := pko + > ki| < «

> O[<O UGCE,O‘ <> |<u7yz>\g0>|§)\a
where (720)(2) = hao (252, 252)
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Solving (non-singular) SPDEs

Oeu+ (=AY 2y = 1?4+ ¢
Duhamel formula: u = P,ug + P, * [u? + €], P, = [0 + (—A)P/?] 71
Scaled Hlder-Besov spaces C2

pO0<a<liuelC! <<= |u(Z)—u(z)S|z—2[¢,

where |z, = |zY? + .|z
ba>lueC® <« Druect M for 0 < [k|s = pko + Xikil < @

> O[<O UGCE,O‘ <> |<u7yz>\g0>|§)\a
where (720)(2) = hao (252, 252)

- - . +d
Space-time white noise: £ € C¢ Va < —55=
Schauder estimate: ue C, a+p&Z = P,*xuc cote

Consequence: P, ¢ € Cf' Va < %
Local solutions in the “classical sense” exist iff p > d
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Local subcriticality
Oeu+ (—A)Pu= 1P +¢
Scaling: ii(t, x) = \“u(\t, \x)
B _d

= atl-_l + )\'Bip(*A)p/2L_] — )\B*UZE2 + )\(H*E*Eé-

B:p’a:? = 8tﬁ+(—A)p/2‘:/\%(ﬁ—%)g2+£
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Local subcriticality

Oeu+ (—A)Pu= 1P +¢
Scaling: ii(t, x) = \“u(\t, \x)

= Bell + NP (= A2 = N7 yo+2-¢

272¢
B=pa=9%2 = Qu+(-A)yRa= 090G y¢
Definition: The equation is locally subcritical iff p > p. = %
A
p
5 Non-singular Locally subcritical
11 el 7

1 1 1 1 1
T T

1 2 3 4 5 ¢ d
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Main result

Theorem: [B & Bruned, '19] If £&* = o° % &, 0°(t, x) = #Q(fw x),

Oeu — NP2y = % + Cole, p) + Cile, p)u + €°

has for p > p. local solutions admitting limit as ¢ \, 0
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Main result

Theorem: [B & Bruned, '19] If & = o7 % £, 0°(t,x) = F50(%. %),
Oeu — NP2y = % + Cole, p) + Cile, p)u + €°

has for p > pc local solutions admitting limit as £ ~\, 0 for Cy, C; s.t.

log(e~1)

log(e 1) =
7 €2 e zd—2 €2éc

CO(E,P) = AC Cl(&ﬂ) = 2
EdBP e <eée Ed—}g e<éEc
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Main result

Theorem: [B & Bruned, '19] If & = ¢° % &, ¢°(t,x) = Ztz0(%5, %),
Oeu — APy = 1?4+ Go(e, p) + Cule, p)u+ &

has for p > pc local solutions admitting limit as £ ~\, 0 for Cy, C; s.t.

log(e—*) log(s—*)

d— €2¢ec —d—2 €2é&c
Colep)={ 27 Glep)~] %7

pcr £ < ée 5 €< &
where Z.(p) < ec(p) both of order £ ge(p)

Co~ 1 -1 (d—
oo —les(zz) vow)}) | T o=y
G ~ log(s™1) o\

and Ay, Ag explicit constants o (d-20)

1 €
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Regularity structures
Mollified equation: d;u° + (—A)P/ 20" = (u7)? +&°

(o, 7°) —L— U

N

(w0, &%) ——" 1"
54

> uf =7 (ug,&°): fixed point of u¥ = P,ug + P, * [(uf )? + &° ]
> U = S(up, Z°): fixed pntof U = P,ug+Z,[U> +=]+p(U )

—
polynomial

U € D7 space of modelled distributions
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Regularity structures
Mollified equation: d;u® + (—A)P/2u® = (u%)? + £ + C(e, p, u)

(0, MZ) —Z— Uy,

w e

(uo, &%) ——— ufy,
M

> us, = Sm(uo, £°): fixed point of u5, = P,ug + P, * [(u5,)? + & + C]
> Uy = S (ug, MZ7): fixed pnt of Uy = P,uo —I—Ip[U,%/, + =] +p(Unm)

—
polynomial

U € D7 space of modelled distributions
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Model space
To set of symbols containing
> XK= XJ0 ... X, degree |X¥|, = |kl

> = representing &, degree |=|; =

_ptd
> K

> T1,T2 € To = T1T2 € To, degree |7’17’2|5 = |7'1|5 + |T2‘5
> 7€ To, 7# X = Z,(7) € To repres. P, u, |Z,(7)

s=|Tls+p

> In some cases, need symbols 9°Z,(7), |0°Z,(7)|s = |7|s + p — |05
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Model space
To set of symbols containing
> XK= XJ0 ... X, degree |X¥|, = |kl

> = representing &, degree |=|; = K

_ptd _
2

> T1,T2 € To = T1T2 € To, degree |7’17’2|5 = |7'1|5 + |7’2‘5

> 7€ To, 7# X = Z,(7) € To repres. P, u, |Z,(7)

> In some cases, need symbols 9°Z,(7), |0°Z,(7)|s = |7|s + p — |05

s=|Tls+p

Convenient graphical notation:

verer - nneenne))

K = 1,(xk0'T,(2))
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Model space

To set of symbols containing
> XK= XJ0 ... X, degree |X¥|, = |kl

> = representing &, degree |=|; = _# —

K

> T1,T2 € To = T1T2 € To, degree |7’17’2|5 = |7'1|5 + |7’2‘5

> 7€ Ty, TH# Xk = Z,(7) € To repres. P, x u, |Z,(7)|s = |7|s + p
> In some cases, need symbols GEIP(T), |8£Ip(7)|5 =|7ls+p— s

Convenient graphical notation:

vorer - nEn@Erne)
= 7,(Xk0'7,(2))

Model space: graded vector space 7 spanned by minimal T C Ty allowing
to represent U = Z,(= + U?) + p where p = 3", cxX* polynomial
Remark: p > p. < degrees of 7 € T bdd below
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Iterations of the fixed-point equation

d
U=TI,(=+ U2) +al(t,x)1 + Z ox, (t, X)X+ ...
i=0
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Model space

Proposition: [B & Kuehn '17]

Symbols 7 € T of negative degree are

> either full binary trees, e.g. 7= %, Yf, \Qf, W, W

7|5 = f%d + 3’"2*1(p — pc)— if 7 has 2m edges

> or almost full binary trees, e.g. 7 =1, <f, Y, <<</, %, %

7|5 = —%d + 3L (p — po)— if 7 has 2m + 1 edges

> or almost full trees with one node decoration X;, 1 </ <d
(complete trees with decorations don't matter for symmetry reasons)
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Model space

Proposition: [B & Kuehn '17]
Symbols 7 € T of negative degree are

> either full binary trees, e.g. 7= %, Yf, \Qf, W, W

7|5 = —%d + 3’"*1(p — pc)— if 7 has 2m edges

2
> or almost full binary trees, e.g. 7 =1, <f, Y, <{</, %, %
I7]s = —%d + %(p — pc)— if 7 has 2m + 1 edges

> or almost full trees with one node decoration X;, 1 </ <d
(complete trees with decorations don't matter for symmetry reasons)

Proposition: [B & Kuehn '17]

Number of symbols of negative degree is of order (p — pc)3/? e9/(P=rc)

Proof uses Wedderburn—Etherington numbers (rather than Catalan nbrs)
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Model expectations

E(7) := E[(M°7)(0)] where IN® canonical model defined by

(M°1)(2) (M*Xi)(z) =z (MF=E)(2) =&°(2)
(n%f)(z): 7)(2)(N°7)(z)

(MFO*Z,7)(z) = /ak - 2)(F7)(2)dz  P,—K,+R,
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Model expectations

E(7) :=E[(M°7)(0)] where M* canonical model defined by

(e )(Z)= (X)) (2) =z (MFE)(2) =&°(2)

(MF77)(2) = (N°7)(2)(N°7)(2)
)(z) =

(N°0*Z,7)(z /ak z-z)(N°1)(2)dz P, =K, +R,

Remark: £(7) = 0 for trees with odd # of leaves, for planted trees Z,(7),

and for trees with one X; decoration (and no edge decoration)
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Model expectations
E(7) :=E[(M°7)(0)] where M* canonical model defined by

(M*1)(2) = (X)) (z) =z (M2)(2) = £°(2)
(MF77)(2) = (N°7)(2)(N°7)(2)
(MFOXT,7)(2) = /ak z-32)(MFr)(2)dz P, =K, +R,

Remark: £(7) = 0 for trees with odd # of leaves, for planted trees Z,(7),
and for trees with one X; decoration (and no edge decoration)

E(1) _E/Kp(—z)gf(z) dz_/K;(_z)E[g(dz)] —0 KE=K, o
E(V) = [ Ki(-a)K;(-2)E[edn)éldz)] = [ Ki(-2)*da
e(Y)=E [( / Ky(—2)K:(z — 21)KE (2 — 22)€(dz1)¢(d2) dz)z]

Isserlis—Wick theorem: E[X; ... Xom]| = Zpairings [TE[XiX]
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Feynman diagrams
() =E [(/ Ko(~2)K; (2 — 21)K; (2 — 22)€(dz1)¢(dz) dz>2]

1%
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Feynman diagrams

XM=k [(/ Ko(—2)K;(z — 21)K;(z — 22)¢(dz1)¢(d ) d2>2]

—0+ 2/ K, (~2)KE (2 21) K (2 - 21) K~ 2)KE (2~ 22) KE (3~ 22) dz dZ dzy dz
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Feynman diagrams
() =E [(/ Ko(~2)K; (2 — 21)K; (2 — 22)€(dz1)¢(dz) dz>2]

1%

=0+ 2/ K/)(—Z)KS(Z—Z:[)K;(Z—Z]_)Kp(—Z)Ks(Z—Z2)KS(Z—ZQ) dzdzdz; dz»

Definition: Feynman (vacuum) diagram

Given by I = (¥, &, v*) directed (multi)graph, v* distinguished node, £
finite set of types, a map t: & — £, e+ t(e), kernels K; : (R91)* - R

E(r) - /( H Kt(e)(ZeJr B Ze_)dZ €= (677 e+)7 z+ =0

d AV
R+1) \v cce
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Simplification of Feynman diagrams

v* can be moved, and vertices of degree 2 can be integrated out:

Z1 22 12 Z2 Z1 Z2
o030 = —_ MMNWWe = oe—>e<——8
2
Z1 2 12 z2 Z1 Z2
e<-—-0-—->0 = —_ AN e = e-—-—>e<---8
.

PN Yy
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Simplification of Feynman diagrams

v* can be moved, and vertices of degree 2 can be integrated out:

Z1 22 12 Z2 Z1 Z2
e 0o— >0 = —_ ANANANE = e— e
2
pal 22 1721 22 Z1 22 0 z
e<--—-0--->80 = —_ AN e = e--->e<---o P R

ENY)—owieis = - il
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Degree of Feynman diagrams

Define
deg(M) = (p+d)(|7] = 1) + ) _ deg(t(e))
ecs
where
deg(~——~) = deg(-~) = —d
deg(vwww) = deg(twvw) = p — d deg(-vwr>) =2p—d

Then for any pairing P, one has deg(['(7, P)) = |T|5}H:0
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Degree of Feynman diagrams

Define
deg(M) = (p+d)(|7] = 1) + ) _ deg(t(e))
ecs
where
deg(~——~) = deg(-~) = —d
deg(vwww) = deg(twvw) = p — d deg(-vwr>) =2p—d

Then for any pairing P, one has deg(['(7, P)) = |T|5}H:0

edeel if degl <0
Simple examples suggest that |E(I')| =< ¢ log(¢~ %) if degl =0
1 if degl >0
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Degree of Feynman diagrams

Define
deg() = (p+ d)(|7'| — 1) + Y _ deg(t(e
where ecd
deg(———) = deg(---~) = —d
deg(vww) = deg(vwvwar) = p — d deg(-vwr>) =2p—d

Then for any pairing P, one has deg(['(7, P)) = |T|5|K:0

edeel if degl <0
Simple examples suggest that |E(I')| =< { log(¢™!) if degl =0
1 if degl >0

This is however not the case in
general, because of subdivergences: .
there can be subgraphs v C I with

degy < degl <0

)

)
o

< MR A
PO

N

T~
1
vla ’\l\
Vv
v ‘/l
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Key estimate
Inductive def of twisted antipode: A_ = —T — Z A_~r.-T/y
7Gldegy<0 con;;:cion
Proposition: [B & Bruned '19] If 7 has p leaves,
. KP(p —3)1e%eMog(c~ )¢ if degl < 0
A< q PR T e S
L(p—3)log(e™) if degl =0

where Ki depends only on K and ( € {0,1}: # of v C I with degy =0
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Key estimate

Inductive def of twisted antipode: A_ = —I — Z A_vy- F/fy

7&ldegy<0 contractlon
Proposition: [B & Bruned '19] If 7 has p leaves

KP(p —3)!celog(e71) if degl < 0
B ()| < { Kilp =31 og(e T ifdeal <
K{(p—3)!log(s1) if degl =0
where Ki depends only on K and ( € {0,1}: # of v C I with degy =0

> Extracting subdivergences (cf. [Connes & Kreimer])

A.A/—\3/\ 2

5:\\/2\/:"1 \" \/:;'1
Then E(I') — E(%,I") contains a factor
|Kolzs — 25) = Kplzs — 22)| < |(z5 — ) - VK (26 — 28)| S Lt

d+1
26— 24|
Renormalisation when approaching the subcriticality threshold
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> Hepp sector:

A cc Ré+H?

E]

o~ 272

~2°

25

~ 271

o~ 22
Z3 o
Z4

T = (T,n): T binary tree, |7| leaves, n increasing node decoration
Hepp sector: Dy = {z € 1. C7127Mini ||z — zj||s < C27Mni}

where / A j last common ancestor in T
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> Hepp sector:

A cc Ré+H?

E]

o~ 272

25

~27t

o~ 272
3 o
Z4

T = (T,n): T binary tree, | 7| leaves, n increasing node decoration
Hepp sector: Dy = {z € 1. C7127Mini ||z — zj||s < C27Mni}

where / A j last common ancestor in T

> Zimmermann's forest formula:

A_T

AT

- Y ()T

forests .7

- 1%

Fs safe y€.F5

11

7 unsafe for %

=

(id —5

)

Nl c Uy Dy

7 is unsafe for T if it is small and far from its parents
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General formula for the counterterms

Theorem: [Bruned, Hairer, Zambotti; Bruned, Chandra, Chevyrev, Hairer '19]

Counterterms given by oF
C(e,p,u) = Z E(A—(T))S((:?)(U)

TET: |1|s<0

> A_(r) twisted antipode acting on trees
> TF(7)(u) given by inductive relation with TF(Z)(u) = 1; here

ninner(T) 1
() (a) = {2 if 7 full

2mnner(7) ;if 7 almost full without X;
where nipner(7) # of nodes of 7 that are not leaves
> S(7) symmetry factor; here S(7) = 2"m(7) where ngm(7) # of inner
nodes with 2 identical lines of offspring, e.g.

s(vy=s(y=2 s Vy=2 S(W) — 27
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Thanks for your attention

€ ee(p)
Co ~ log(e™1) Co ~ =~ (4=7)

Ci ~ log(e71) ()

arXiv/1907.13028

www.idpoisson.fr/berglund/CIRM21.pdf
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https://arxiv.org/abs/1907.13028
https://www.idpoisson.fr/berglund/CIRM21.pdf
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Main result (precise version)
Theorem: [B & Bruned, arXiv/1907.13028]

dM > 0 s.t. counterterm Co(e, p) + Ci(e, p)u satisfies

|Gole, p)| < Me (79 [log(ffl) +

Co(s,p) M £ \3(p—pc)
Aoty — U< ()

p
< Mg, ~(d=20) [Iog(eil) +

|
Ao~ 1| < ()7

Ec = f(kmax) Ec = f(/;max)
log k
{0 — exp k2 )

P—Pc
k _ d—p E _ d—2p
max =" 3(p—pe) max =" 3(p—pe)

Ay = — lim e?7PE(Y)
e—0 {/

A — —A4 i d—2p

Ao 4!@05 E(\)

1 (@)3(9—/%)}

P—Pc

€

1 (&\3(p—pc)
A (2]
5
Co =~ log(s71)
G ~ log(e71)

Ec(p)

Co = e (d=r)

5_«(/’)

G~ e (d=20)

P = Pc
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https://arxiv.org/abs/1907.13028

Main estimate

LYY, Ko ze. — 20 )1d2

" et (A r(f P))

Proposition: [B & Bruned '19]

€] deg T -1 ;
K{"'edel log(e71)¢ if degl < 0
§ su | | Ki(e)(---)| Vol(D 1
p Kigey (- )1 Vol(Dr) < {K{éﬁ| log(e~1)1+¢ if degl =0

where K1 depends only on Ky and ¢ € {0,1} # of v C I' with degy =10

For 7 complete with 2k + 2 leaves, k < kmax = ﬁ'

> # of pairings P = (2k + 1)1l = [T, (2i + 1)
> # of Hepp trees T < (2k — 1)!
> # of safe forests .7, < 2K
> % of pairings yleldlng ¢ =1 bdd by 2~ (2k—kmax)
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