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& This talk is based on joint work with
Satoshi ISHIWATA (Yamagata University),
Ryuya NAMBA (Ritsumeikan University).

e Central limit theorems for non-symmetric random walks on nilpotent
covering graphs: Part I, Electron. J. Probab. (2020), No. 86,
pp. 1-46.

e Central limit theorems for non-symmetric random walks on nilpotent
covering graphs: Part Il, Potential Analysis (2021+), online first
article, 40 pages.
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& In this talk, we discuss CLTs for non-symmetric RWs on
nilpotent covering graphs from a viewpoint of discrete
geometric analysis developed by Toshikazu Sunada with
Motoko Kotani.

discrete geometric analysis :
harmonic analysis on infinite graphs with periodicity

(Yves Lejan’s work on Markov paths, loops and fields ...)

& We study the “most natural realization” of the graph and
capture (the natural lift of) a distorted Brownian rough path

(Bs,taBs,t+As,t) with A57t - SO(d)

through the CLT-scaling limit, simultaneously.

® Related works :
e Breuillard—Friz—Huessman (’09): Brownian rough path
e Bayer—Friz ('13),
e Chevyrev ('18): Extension to Lévy processes, ... etc.
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e Lejay-Lyons ('05):
e Friz—Oberhauser ('09),
e Friz—Gassiat—Lyons ('15): magnetic Brownian rough path

e Lopusanschi-Simon (’18), e Lopusanschi-Orenshtein ('18),
e Deuschel-Orenshtein—Perkowski ('19), ... etc.

& (Many) probabilist’s approach:

Realize the lattice into R? or G(?) (R?) firstly,
then study limit theorems by using the given R%coordinate.

& Geometer’s approach:

Study the most “natural realization” of the lattice through
limit theorems. —
harmonic realization with the Albanese metric

e “harmonic coordinate”: Papanicolaou—Varadhan ('79),
Kozolov (’85), ... etc
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Nilpotent Covering Graphs

® A locally finite connected graph X = (V, E) is called a
nilpotent covering graph if

there exists a finitely generated torsion free
nilpotent group I" acting on X on the left freely, and

its quotient Xy = (Vp, Ep) := I' \ X is a finite graph.

(In other words, X is a covering graph of a finite graph X
whose covering transformation group I' is nilpotent.)

e torsion free: If v 4 1p and 4™ = 1, then n = 0.
e nilpotent: There exists some r € N such that

r>I[0,I]D--- DI (= [, 0CY]) = {1r}
o m: X — Xp: covering map
#® X is called a crystal lattice if I' is abelian (r = 1).
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Figure : Crystal lattices with T' = (o1, 02) = Z2

Hiroshi KAWABI (Keio University) CLT for RWs on nilpotent covering graphs March 11, 2021 @ CIRM

6 /33



3D disctrete Heisenberg group : T' = (v1,v2, 73, 71_1, 72_1, 73_1)

-1 -1
Y1Y3 = Y371 Y273 = ¥37Y2 [Y1,V2](=11v2vr Y2 ) =3

x
Figure : A part of the Cayley graph of I' = H3(Z)

Hiroshi KAWABI (Keio University) CLT for RWs on nilpotent covering graphs March 11, 2021 @ CIRM 7/33



] o o
° & e °
e o
':",..0 Uoey e o o o
PSR I ) e o o
hEh TARS A
....1 -~ 2 NS ° [ [ ° ° °
.'\‘. o &) 0 [ ] [ ] [ ] [ ] [ ]
\ W e o o o o
e o o
e o o
YA L
Y‘a vy °
>X

Figure : A part of 3D-Heisenberg dice lattice and the projection of it on xy-plane
(by Shoichi Fujimori (Hiroshima University))
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Random Walks on X

® For an edge e € FE, the origin, the terminus and the inverse
edge of e are denoted by o(e), t(e) and €, respectively.

®d E, . :={ecE|ole)=x}, (x€V).
® A RW on X is characterized by giving the one-step transition
probability p : E — (0, 1) satisfying the I'-invariance,

p(e) >0 (e€ E), & Z ple)=1 (x €V).
ecE,

= This induces a time homogeneous Markov chain

(Qw (X)a Py, {wn}zo:o)’

where Q,(X) stands for the set of all paths in X starting at .
& By TI'-invariance of p, we may consider the RW on Xj;
(Qr(2) (X0)s Pr(a)s {wn}olo)-
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& Lf(x):= Z p(e)f(t(e)) : transition operator.
ecE,
& n-step transition probability; p(n,z,y) := L™, (x).

& By the Perron-Frobenius theorem,
A!'m : Vy — (0, 1] : L-invariant measure, s.t.

Y mx)=1 & 'Lm(z) =m(z) (z € V).
€V

& We also write m : V. — (0, 1] for the lift of m to X,
and introduce the conductance by

mi(e) := p(e)m(o(e)) (e € E)

& We define the homological direction ~, of the RW by

Y= Y m(e)e € Hy(Xo,R).
ecFEg
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& RW: (m-)symmetric NN m(e) = m(e) LN ¥p = 0.

Our Problem

Functional CLT (Donsker’s invariance principle)

& Abelian case: Ishiwata—K—Kotani ('17)

e Long time asymptotics of non-symmetric random walks on crystal
lattices, J. Funct. Anal. (2017), pp. 1553-1624.

®o(uw(ug) — [nt]p=(3p)
(Pt )

pr : H1(X0,R) » T @ R(2 Z¢ Q R = RY),
Py : X - (I' ®R, go) is the “standard realization”, and
(Bt): standard BM on I' ® R with Albanese metric gp.

—> (Bt)s>0 ,where
t>0 mn—oo -
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—— X =(V,E) —
No Coordinates

Realize X into I' ® R by using
(1) (modified) harmonic realization ®¢
(2) Albanese metric go on I' ® R

0

7 | (Divide by T = {01, 02))

~Xo = (Vo, o) = T\ X,

loop in Xg — aoq + bos
P e.g., asymptotic direction pz (vp)

1st homology group Hj (Xo,R)

Catch the quantative data
e.g., homological direction -,

Hiroshi KAWABI (Keio University) CLT for RWs on nilpotent covering graphs March 11, 2021 @ CIRM 12 /33



Nilpotent Lie Group

® How to realize the I'-nilpotent covering graph X into some
continuous space ?

[Maléev (’51)]
3G = Gr : connected & simply connected nilpotent Lie group
such that I is isomorphic to a cocompact lattice in (G, -).

& By a certain deformation of the product - on G, we may
assume that G is a stratified Lie group of step r.
Namely, its Lie algebra (g, [-,:]) satisfies

N (i L (+i) (447 <
_ (@), @) (G)7)C9 (i+3 <),
g g?g s (6%, ]{: 0 (i+3>m)

and gttt = [g(l),g(i)] t=1,...,7—=1).
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Example: 3D Heisenberg group H3(R)(= G(? (R?))

(1 = 2]
' = H3(Z) ::{ 01 y :w,y,zEZ}(‘—)G:H?’(R)).
lattice
0 0 1]
[0 = 2]
> g = Lie(G) = { 0 0 y :x,y,zeR}.
0 0 0]
01 0 0 0O 0 0 1
> X3: =10 0 0|, X2:=(0 0 1|, X3:=(0 0 0].
0 0 O 0 0O 0 0O
( [X1, Xa] = X3, [X1, X3] = [Xa2, X3] = og.)

> G = H3(R) : a (free) nilpotent Lie group of step 2, i.e.,

g=0" ®g?; g = spang {X1, X2}, g® := spanp{Xs}.
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& If T =G (77), we may take G = G(")(R?) ( r-step free
nilpotent Lie group over R%). A lift of distorted Brownian
rough path can be regarded as a G(") (R%)-valued path.

& We identify G with R™ through the canonical coordinates of
the 1st kind:

G D exp ( i i azgk)Xi(k)>

k=11i=1
€g®)

«— (:l:(l), :13(2), e, w(r)) c Rd1+d2+"'+dr,

where
> g=(3D,90) ®a?P @ - ®g".
> g® = spang {X*, ..., X} k=1,...,7).

> 2® = @, 2l)) e R 2 g®) (k=1,...,7).
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Construction of the Albanese Metric on gV

& We induce a special flat metric on g, called the Albanese
metric, by the following diagram:

(g(l),gO) <= Hl(XOa R)

Idual idual

Hom(g(l),R)CW Hl(XOa R) = (HI(XO)a <<7 >>P)

> the set of modified-harmonic 1-forms :

H(Xo) i= {w € CL(Xo,R) : Y. ple)w(e) = (vp,w) |
e€(Eo)=

with (w, 7)), 1= D m(e)w(e)n(e) = (vp, w)(vps ).
ecEg
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Harmonic Realization of the Graph X into G

& We consider a I'-equivariant map ® : X = (V, E) — G:

Q(yx) =v-2(x) (veT,zeV).

Definition [Modified Harmonic Realization]

A realization ®5 : X — G is said to be modified harmonic if

A(log i’olgu))(w) =pr(1p) (z€V),

where A := L — I : the discrete Laplacian on X.

> pr : Hi(Xg,R)—>g™ : the surjective linear map defined by
pr([c]) :=log(oc)|ga for [c] € Hi(Xo,R)

s.t. 0. € I'(— G) satisfies o.-o0(¢) = t(¢) on X.
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> pr(7p) is called the (g(*)-)asymptotic direction of the RW.
We emphasize that

Tp = 0 — PR('Yp) = Og- J

& Such & is uniquely determined up to g(')-translation, however,
it has the ambiguity in (¢ @ - -- @ g("))-component!
As an example of realizations, we may consider the Albanese
map P, defined by

Hom(g(1),R) <w’ lOg ¢()(w)|g(1)>g(1) = /w* w (w € V)’

where & is a lift of w = ‘pr(w) € H(Xp,R) to X and

/m*&:/ca::;&(e")

for a path ¢ = (e1,...,e,) with o(e1) = z. and t(e,) = x.
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The Geodesic Interpolation of the RW

& We introduce the 1-parameter group of dilations
{Tc}e>0 on G:

(sas(l) 52 @,... ,e”’as(r)) € G.

& We equip G with the Carnot-Carathéodory metric:
1
doc(g,h) i=inf { [ [16(®)l dt|c € AC(0,1):6),
0

c(0) = g, c(1) = h, &(t) € a()} (9,h € G).

& (G,dcc) is not only a metric space but also a geodesic space.
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P : modified harmonic

(G,dcc)

> {wn},: RWon X
> {&n = Po(wn)}2o: RWon G
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t>Take the space-time scaling : 7,,-1/2({},4)

P : modified harmonic

(G’ dCC)

T—1/2&1

T,—1/2&2

> {wn}S2y: RWon X
> {&n = Po(wn)}y: RWon G
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>Take the space-time scaling : T,,L71/2(f[nt])

> y}"’ : given by the dcc-geodesic interpolation

P, : modified harmonic

(G,dcc)

Tn_l/y
(t=2/n)

> {wn}l: RWon X
> {& = ®o(wn)} : RWon G
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The Main Result

& We extend elements in g to the left invariant C°°-vector fields
on G in the usual manner.

Theorem (Ishiwata-K-Namba: Part I)
Under pr(7,) = 04, we have, for all o < 1/2,

Vo1 =5 Vose<a in €219 ([0,1], G).

> (Yt)o<t<1 : G-valued diffusion process which solves the SDE
d
dY; = Vi(Vz) 0dBj + 3(®0)(Yz) dt, Yo = 1g.
=1
€9
> {Vi,...,Va} : an ONB of (g(V), go).

> (Bf,..., Btd)0§t§1 : an Ré-standard BM with Bg = 0.

v
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d
1
> generator : A = > Z V2 + B(®0) on C=(G).
i=1

(--» sub-Laplacian on G with g(?)-drift)

> A special element in g(?):

B(®o) := > m(o(e))log (’I)o(o(é))_l : @o(t(a)) ‘g@), J

ecEg

where € stands for a lift of e € Eg to X.

Proposition
(1) RW : (m-)symmetric =—> 3(®o) = 0.
(2) B(®o) is independent of the choice of g(?)-component.

| A\,

Important Remark
Replacing ®¢ by a general periodic realization ® in the definition of
V(™) we have the same CLT. On the other hand, the information of
the modified harmonic realization ®( still remains in the drift term.
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Some Comments

& LLN for {log £"|g(1)}$7,o:0 :

1
lim —log En(c)lg(l) = pr(Vp); Pz.-as. c € Ny, (X).

n—oo n,

& By applying Yamato ('79), Kunita ('80), Ben Arous ('89),
Castell ('93), etc, we can solve the SDE explicitly.
dy

Yi = exp (18(®0) + Y BV

i=1

1/t . . ‘ , r
+ 3 5 [ (BlodBl - BlodBYVL VI +Y. Yl (B)V!) (1)
0<i<j<ds 7° k=3 I
# In the case T' = G (z%), G = G (R%), the limiting
diffusion (Y;)o<¢<1 corresponds to the natural lift of the
distorted Brownian rough path

B = (Bs,ta]Bs,t+(t o S)ﬁ(¢0))0§sﬁt§1
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Sketch of the Proof

® To obtain the main theorem, it is essential to prove

Lemma [tightness]

We assume pr(7,) = 04. Then the family of probability measures
[P := Py, o (P™)71}> s tight in

[+ [} ce-Hat

¢y ([0,1),G) := H{_([0,1]; G) ,

where
> Hj_([0,1]; G) : Cameron-Martin subspace in C1.([0,1]; G).

dcece(xzs, @ oHB
o Nallono = sup 2@ ¢ cartii(po, 11, @)
o<s<t<1 (t—s)
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& How to prove tightness ?
By induction for the step number £ =1,...,r.

f (Pk) ™
Under pr(7,) = 04, the family

(PO o () 1)

is tight in Ci’gHa'([O, 1], Rd1+"'+dk), where
> (yt"“’“))ostgl : Rd1++de_yalued truncated stochastic

process of (yt(") = yt(n;r))ogtgl-

N J

> several martingale ineq’'s — (P1) & (P2) — Holder regularity

> By employing an idea (of the proof) of Lyons’ extension
theorem in rough path theory, we can show (P:) (3 < k < r).
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Another Kind of CLT (Weakly Asymmetric Case)

& We introduce a family of transition probabilities {p.}o<.<1 by
Pe := Po + £q, where

po(@) 1= 4 (o) + D 0@ ate) = ; (nle) = 1 0(@).

(e
( m(o(e))
It is the linear interpolation between py and p;(= p).

= Yp. = &¥pr PR(Vp:) = €Pr(Vp)-
& G = G(): nilpotent Lie group whose Lie algebra is
(8D,957) ® (B}_p8D).
QO Continuity of the Albanese metric g( ) w.rt. e.
& Take a (p.-)modified harmonic realization <I>( )X - G

A(log ¢>((f)\g<1)>(m) =cepr(vp) (®€V),
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® For 0 < e <1, we define a G-valued stochastic process
(y<€’n>)0§t§1 given by “(dcc-)geodesic interpolation” of

(Tn—l/2 (‘i’(()e) (w[nt])))ogtgl'

Theorem (Ishiwata-K-Namba: Part Il)

Under additional natural two assumptions on {@65)}5>0, we have,
forall o < 1/2,

n=1/2mn) i} . ca—Hﬁl 1. G
(Yt Jo<t<t = (Y)o<e<i in €17 ([0,1], G(o))-
> (}N’t)ogtgl : G(g)-valued diffusion process which solves the SDE

d
ay; =Y VOV, 0 dBi + pp(2)) (Vo) dt, Yo = 1g.
=1
€g®
= AV, ..., v{9} : an ONB of (gM, g").

> (B,..., Bfl)ogtgl : an R%standard BM with Bé = 0.

v
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Final Remarks

& The non-centered case pr(7vp) 7# 0Og4:
Applying the idea of Girsanov transform to nilpotent settings,
we can generalize the CLT to the non-centered case.

& We define F : Vy x Hom(g(M),R) — (0, 00) by

Fr(A) = Z p(e) exp (Hom(g(l),R)<>" log d‘I’O(E)‘g(1>>g<1)>
ee(EO)z
(ac € Vo, A € Hom(g(l),R)),
where € denotes a lift of e € Eg to X and
d®o(e) := ‘1)0(0(6))_1 - Do (t(e)) (e € E).

® Let p : £y — R be a function defined by
p(e) := p(e) exp <<)\*(o(e)), log d@o(a)\g<1)>>po—(g) (As(o(e)),

where A, () is the minimizer of F, : Hom(g(",R) — (0, o).
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& pr(7p) = 04, P is p-harmonic, and centered —> p = p.

Theorem (Ishiwata—K—Namba: Part I)
We have, for all o < 1/2,
(y(’n,P));ozl nfgo i} in ctI);Héil([O’ 1]’ G(O))

> Y = (}A’t)ogtgl : G-valued diffusion process which solves
dy
a¥; = > VP (%) 0 dBi + B (20)(Ye) dt, Yo = 1c.
=1
> VP, v P, VDY an ONB of (@), g”).
> (B}, BZ,...,B)o<t<1 : an R%-standard BM with B} = 0.

>

By (®0) =Y p(e)m(o(e)) log (@o(0(€) " @o(£()) )|

@"
ecFEq 9
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& In Breuillard’s expository article (’06), difficulties of CLT
under non-centered setting is mentioned.

(After Raugi ('78)’s old work, there are few papers.)

& Speed of convergence:

sup |p(n,z,y)m(y)

z,ycV
IG/T| b
- K i (@), Bo(y))| < Cn~ 3

9

where K := gcd{n € N| p(n,x,x) > 0} (period of the RW),
D is the (polynomial) volume growth rate of I'.

® Related works : e Alexopoulos (around '00), e Ishiwata ('04),
e Breuillard ('05), e Diaconis—Hough ('18), e Hough ('19),
e Namba (arXiv: 2011.13783)
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The End
Thank you for your attention

Merci de nous accorder votre attention
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