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10
"

Theory

Formally : Probability distribution on
"

functions
"

over set A SIR
"

4

'

n exp - 11010214×1 t 1101 H dx III. DOH
-1

Doesn't makesense as itstands ! !

Interpretation : . take discretization

① - exp - Eee! 91041
'

*need 110k"
" )

t.I.n.it/0H-A-E-1neZd
• take limits Edo (ultraviolet)

.
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Renormalisation

. . .



'

014 measure andSPDEs

Over Rd : measure-exp f- Vcxldx) reversible for
dat= - Phx) alt tEdy Langevin dynamic

Infinite dimensional analogue : ( swpn.a.g-ntio.ge
.

2¥ = (sp - 103 ) tf §
"
-PIL

" "

DWI
'

spots of this type studied recently :

- Hainer ( regularity structural 2014
. . . .

• Gabinelli et ae (paracontrolled distributions ) 2015. - 2-



Construction of measures

Gaussian case (no nonlinearity ) > always possible .

~ exp - 1101014×1 dx II DOKI

so called Gaussian free field .

E.
g. on
IT ! representation as "

iid
"

Gaussian
'

* ik.ir+
R e (modulo O -th Fourier mode)

kezd 1kt

Converges in space of low regularity < {
d
.

→ .



Non - Gaussian case
'

n exp - f.PENH t 04h dx II. DION

del : Ok
, define through density w.

rt
. Gaussian .

472 Low regularity ,
need for renormalisahion .

(Nelson '66)

d =3 Non - linear measure singular writ . GEF
(BarashRov - Gabi nelli 201g )

d 24 Triviality .
d > 4 Aizenman '82

,
Frohlich ' 82

.

4=4 Aizenman -Duminit-Copin 2019
.
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104 as continuous Ising model :
-

tsing model • Continuous spin
• • • • • • a • • • • • • • • S

. ,
t 8+ , rn expft H'- IT) d lo

• @ a • • • • • • • • • • • •

• • • • • • • • • • • • • • •

• • • • • • • • • • • • • • •
000 = I••••••••••••§••• g. •••••••••••• ••=. , ✓

• Bed • • • • • • • a • • • •
- I

• • • • • ⑧ • • • • • • • • •

+ I

• • • • • • • • a • ⑧ • • •

A-CCZD
; configurations in⇐1)

A
• interaction :

interaction

Hamiltonian: 740)=-I R'ijoios. - O
- I oioj ~ Iz pi - log.

"

Gibbs measure: ftp.lo/=tzexpf-PJ-Uol/
"

inverse temperature
"
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104 as scaling limit
classical : Griffith - Simon

'73
.

L

Kac - Interaction :

• • • • • • a • • • • • • • •

• @ a • • • • • • • • • • • •

• • • • • • • • • • • • • • •

•••••••••••• f. •••••••••••••••• kid ~ t
"
"""t"

• • • • • • • • • • • • • • • local mean field .

• Bed • • • • • • • • a • • a •

• • • • • ⑧ • • • • • • • • •

• • • • • • • • • • ⑧ • • •

\ r

y
- L

• Near critical temperature : B = It (correction )
• On correct scales .

.

I = j
"

D=2 Cassandra
, Mama ,Presutti95

~, q
- Eto
g ⇒ 10

"
Hainer

,
lberh' 208
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Can we model phase transition?

- Abrupt changes in macroscopic behaviour occurs as a relevant parameter is continuously 
varied across a critical value.

- E.g. ferromagnet-paramagnet transition.

- Ising model of magnetism

- In 2D and higher, the Ising model undergoes phase transition!

-

µ
spins interact with

• a • . . . . . •

nearest- neighbours .

@ do a • @ a • a 0

random →
• • • . • • o o •

Configurations
• . • . . . . . .

← strength of interaction
• . • . . . . . . inversely proportional

of spins
"

up
"

. . . . . . . . .

to the temperature
• " down

"

. . . . . . . . .
( thermal disorder )

← Peierls ' argument
( 1930s)

order ← disorder
→

Low temp Critical temp High temp

b

p>Bc A-Be B<Be



Low temperature 104
I

bar exp
- SME"" t ¥402-p)

'

+at
.
dx IT dlolx) ht .

NIT
} XENIT

?

1331
. Eto'-p

'

Intuition :

X ti::%!:&;
costs

.

-Tp tr
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Thm : Chandra - Gunaratnam - W
.
arXiv :2006.15933

Assume B 's>1
,
N -4 dyadic

any number in 10,1
) is Ok

.

* logy, ¥! Ip Cp

"

mean magnetization
"

1331
.

.¥
"

forbidden region
"

- g -



Surface order bounds

* logy,. ¥! Ep Cp

Configuration with ft - o

!" Theft:c.ee?mehYineguaeiyi

- IO -



Corollary : (breakdown of ergodicity )
Xp

..
= spectral gap of lo

" SPDE ( associated to
up
,µ
)

Then

µ
's log 4am Cps

Proof : plug X ( ft ) into Dirichlet form .

4241

- H -



Related results :

• Glimm - Jaffe -Spencer
'75

Long rangeorder 4=2 Beaige enough
I - box (k

,
htt ) x (kik'm)

,
BID) :-1,10 average over

box

"

14lb)>o "OCD'Ko (110lb)>o 110lb' Iso) 7 48

Strong interaction even if
and far apart

- 2 -



key technical step Peierestypeestimak
Def : -Block I = (k

,
htt ) x (kik'm) pens ( resp . minus ) valued if
•

small fixed

OC ) p p s resp . ol l l p p s

• Block
pens good if it and all * - neighbours plus valued .

. . - minus good . . .

aqqgbwmfmmMOqqmiqdpyjamas.im#mmaBaq.a.OMmaMBBAmodio
• bad if not plus minus good . BSEEGSg•g

⑧§aAF9aqgq
.mn#*.Boaos.a.Esf..;BBf

Prop : For any collectionB of boxes
Topshelf

.

Van V-DEB
,
D bad) E expf- Cfp IBI )

•
extensive in Bl

- B -



Punishing bad boxes
fixed box :

Q
,
( ) :- tp ) P

"¥

intuitively controlled

Qd ) :-§ ) :p? oqgz

by potential

Q1 ,

' ) 011 ) lol
') controlled by Gaussian

covariance

Top : 3,132,133 collection of boxes , B. large enough

II. cosh Qi (Bi )) Eexp(413, t Bat Bg )
so

extensive in Bi
Implies Peierls bound -14 -



Calculating generalised partition functions Gaussian

-

' :=fexp(QilBi)) exp (ft 2-p)
'

+at
. Feldt)

• d=2 Neeson trick ( Neeson ' 66 )

- d =3 phase cell localization (Glimm -Jaffe ' 73 )
RG (Benfatto , Cassandra, . . .

' 80
,

Brydges ,Dimock , Hurd
'
SS )

• Stochastic PDE don't help

•New method
,
Bout -Dupuis, BarashKor - Gubinelli Duke

'

20
.

- IS -



Thm (Baie -Dupuis
'

98) flared)
0

Let tlteco
,
,,
standard IR

"
valued BM

. .

H : CLEO
,D. Rd ) > IR bold .

measurable
. Then

- log Eexpf- FUB) )
= inf Ef7LlBtfqdt ) t 's five at
✓ adapted
bdd

Version of Gibbs variational principle : Wienermeasure

eogk.expf-tuBII-infE.o.TV/3ltRlQllp)QPoYacYc%Ea
, relative entropy .
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How is this useful ? Where is the Brownian motion ?

• picket Gaussian measure ( covariance operator f-b)Iq) .

Barashkov - Gubinelli introduce auxiliary time !
• Introduce function valued Brownian motion@lt.xHtecqyXEtTs.th.eawofTl1.l

is µ .

• Can be done easily
: Fourier series :

"

Britt eieltkx4ft
,x) =

c'

Irl't
REZ Z
L

-

Flexibility here . -17 -



Then forth reasonable :

- eogtlexpftuel))

= - log tµ(exp (7-44411)) (by definition)

= inf Ef 74441 thill + I fill it
'ty

'
dxdt

BarashRov - Gubinelliarkiv '18 Use to show UV stability of 104g .Duke'20

Main challenge for us : get B dependence right .
. ,g .



Conclusion :

• log theory in
"

low temperature
"

regime .

- we get
"

large deviation bound
"

for atypical magnetization .
Correct surface - order scaling in L .

• Implies decay of spectral gap for dynamics .

.Method inspired by Glimm - Jaffe
-Spencer - compare with

lattice spin model .

- key technical tool : Barashhov - Gabinelli variational approach
to UV stability - I g -


